Abstract. In 1998, J. Previte developed a framework for studying the dynamics of iterated replacements of certain vertices in a finite graph G by a finite graph H (see [3] ). He showed that, except for special cases, the sequence of graphs formed by iterating vertex replacements converges in the Gromov-Hausdor¤ metric. In this paper we prove that the topological dimension of these limit spaces is one. We also provide examples of graph substitutions whose limit spaces are fractals.
Introduction
A vertex replacement rule R is a rule for substituting copies of finite graphs for certain vertices in a given graph G. The result is a new graph RðGÞ. A sequence of graphs R n ðGÞ is produced by iterating R.
In [3] , J. Previte found necessary and su‰cient conditions for normalized iterations of a replacement rule with one substitution graph to converge in the GromovHausdor¤ metric. He also determined the Hausdor¤ dimension of the limit spaces. Our key result about these limit spaces is that they have topological dimension one.
For our purposes, a fractal is defined as a metric space with topological dimension strictly less than its Hausdor¤ dimension. Many standard examples of fractals, such as the Sierpinski triangle and the Sierpinski tetrahedron, are limit spaces of normalized sequences of graph substitutions. In the final section of this paper we construct several examples of graph substitutions whose limit spaces are fractals.
Graph substitutions
In this section we define and provide some basic examples of graph substitutions. Throughout this paper we will assume that all graphs are connected, locally finite, unit metric graphs, i.e., each graph is a metric space and every edge has length one. For any graph G, let V ðGÞ be the set of vertices of G.
A graph H with a selected set of vertices fv 1 ; . . . ; v k g H V ðHÞ is called symmetric about fv 1 ; . . . ; v k g if every permutation of fv 1 ; . . . ; v k g can be realized by an isometry of H. Such vertices are called boundary vertices. A vertex replacement rule R is a rule for substituting copies of finite graphs for certain vertices in a given graph G. For the purpose of this paper, a vertex replacement rule R is completely determined by a finite graph H called a replacement graph with a set of boundary vertices, denoted by qH.
Let G be a graph and let R be a vertex replacement rule H. The degree of a vertex v A V ðGÞ, denoted by degðvÞ, is the number of edges in G incident to v. A vertex v A V ðGÞ is called replaceable if degðvÞ ¼ jqHj, where j Á j denotes the cardinality of a set. The replacement rule R acts on G by substituting each replaceable vertex in G with a copy of H, producing a new graph RðGÞ. In particular, each vertex v A V ðGÞ with degðvÞ ¼ jqHj is replaced with a copy of the graph H so that the degðvÞ edges previously attached to v in G are attached to jqHj vertices of H. This procedure is well defined since the graph H is symmetric about qH.
In all of our examples, we indicate the boundary vertices of each replacement graph by open circles. Let G be as in Figure 2 Note that in Example 1, after substituting two copies of H into G, the boundary vertices become replaceable in RðGÞ. In general, we say that a boundary vertex v A qH is replaceable if and only if degðvÞ ¼ jqHj À 1. For a finite graph G, let ðR n ðGÞ; 1Þ be the metric space R n ðGÞ normalized to have diameter 1, i.e., every edge in ðR n ðGÞ; 1Þ has length 1=diamðR n ðGÞÞ. In [3] , J. Previte proved that for a vertex replacement rule given by a graph H, the normalized sequence of graphs ðR n ðGÞ; 1Þ converges (except for special cases) in the GromovHausdor¤ metric. He also calculated the Hausdor¤ dimension of the limit space for the case when H has exactly one replaceable vertex and the case when the boundary vertices of H are replaceable. Our main result is that the topological dimension of these limit spaces is one (Theorem 4.1).
Main definitions and convergence results
This section includes our principal definitions and several of J. Previte's convergence results for sequences of graph substitutions that will be used in the proof of our main result. Let us recall some facts about the Gromov-Hausdor¤ metric. For any metric space X, dist X will denote the metric on X. Let Z be a metric space. For C H Z and e > 0, let C e ¼ fz A Z : dist Z ðz; CÞ < eg. The Hausdor¤ distance between two nonempty compact subsets A and B of Z is defined by dist Haus Z ðA; BÞ ¼ inffe > 0 : A J B e and B J A e g:
This defines a metric on the set of all compact subsets of Z.
Let M denote the collection of all isometry classes of compact metric spaces. The Gromov-Hausdor¤ distance between two compact metric spaces X and Y is defined by
ðI ðX Þ; JðY ÞÞ < eg;
where I and J are isometric embeddings of X and Y into Z, respectively. The space
Let H define a vertex replacement rule R and let G be a finite graph. For a replaceable vertex v in G, let RðvÞ be the copy of the graph H in RðGÞ that replaced the vertex v. There exists a pointwise map p : RðGÞ ! G defined by pðRðvÞÞ ¼ v. The map p undoes replacement by crushing the inserted H 's to the vertices they replaced. In general, for any set F in G, let RðF Þ be p À1 ðF Þ. If F H G contains no replaceable vertices, then R n ðF Þ can be identified with F and we label R n ðF Þ as F H R n ðGÞ. Similarly, if z A G is not replaceable, label R n ðzÞ as z A R n ðGÞ. For any path h in G, let LðhÞ denote the length of h. A path h H G is called distance minimizing if LðhÞ ¼ dist G ðx; yÞ, where x and y are the endpoints of h. A path x in G realizes the diameter of G if x is distance minimizing and LðxÞ ¼ diamðGÞ.
For any subset F of G, let NðF Þ denote the number of replaceable vertices contained in F. For a replacement graph H, we define NðHÞ to be the number of replaceable vertices in H when one regards H as a subset of RðGÞ.
A path h in G is called preminimizing if it is a distance minimizing path between its endpoints that contains the least number of replaceable vertices. That is, if h 0 is any path between the endpoints of h, then In the case where NðHÞ ¼ 1, J. Previte showed that the limit space X has topological and Hausdor¤ dimension 1. In the second case, he showed that the Hausdor¤ dimension of X is dim H ðX Þ ¼ ln NðHÞ ln W H , provided that the boundary vertices of H are replaceable. Henceforth, we will assume that jqHj b 2 and W H b 2.
Preminimizing paths are important tools for finding bounds on the lengths of distance minimizing paths. The following lemma shows the relationship between distance minimizing and preminimizing paths.
Lemma 3.2 (J. Previte).
Let G be a finite graph. There exists a number kðGÞ so that if x is a distance minimizing path in R n ðGÞ and n > kðGÞ, then p n ðxÞ is preminimizing in G.
Define the set qR n ðvÞ to be all vertices in R n ðvÞ that are adjacent to one of the jqHj edges outside of R n ðvÞ. Note that jqR n ðvÞj ¼ jqHj. The following functions will be used to calculate the lengths of paths: Note that aðnÞ a bðnÞ. Again, by symmetry, these functions are independent of the choices of u; u 0 A qR n ðvÞ. For any boundary vertex u A qH, let M H be the maximum of NðhÞ where h H H is a preminimizing path with u as one endpoint. By symmetry, M H is independent of u. The following result will be used in the proof of the main theorem. 
The topological dimension of limit spaces
Let G be a finite graph and let H define a replacement rule R. Recall that if jqHj b 2, W H b 2, and the boundary vertices of H are replaceable, then the Hausdor¤ dimension of the limit space X of the sequence ðR n ðGÞ; 1Þ is given by dim H ðX Þ ¼ ln NðHÞ ln W H . We now show that the topological dimension of X is 1, thereby giving fractals when NðHÞ > W H .
Theorem 4.1. Let G be a finite graph and let H define a vertex replacement rule R. Suppose the sequence ðR n ðGÞ; 1Þ converges in the Gromov-Hausdor¤ metric to a metric space X. If jqHj b 2 and W H b 2, then the topological dimension of X is 1.
Proof. Let A be an open cover of X. Since X is compact, A has a Lesbegue number d > 0. We now construct an order 2 refinement B of A which will consist of two types of open sets. The first type essentially covers the limits of certain replaceable vertices. The second type consists of open balls centered at special points in X. We begin with the first type.
Let V denote the set of replaceable vertices in R mÀ1 ðGÞ. Since as n ! y, the sequence of graphs ðR nþmÀ1 ðGÞ; 1Þ converges to X in the Gromov-Hausdor¤ metric, then for each v in V, there is a subset Y v H X such that ðR n ðvÞ; 1Þ converges to Y v in the Gromov-Hausdor¤ metric. We now show that for large m, the diameter of Y v is less than the Lesbegue number d.
Since M H b W H b 2, we may choose m large enough so that
By Lemma 3.2, there exists a number kðR m ðGÞÞ such that if n > kðR m ðGÞÞ, then any path which realizes the diameter of R mþnÀ1 ðGÞ projects to a preminimizing path h in R m ðGÞ. Moreover, for v A V , any path x 0 realizing the diameter of R n ðvÞ H R nþmÀ1 ðGÞ projects to a preminimizing path x in R m ðGÞ. Note that x 0 is not necessarily a subset of R n ðvÞ and x is not necessarily a subset of RðvÞ. If x is a replaceable vertex of x which is not an endpoint of x, then the portion of x 0 that passes through R nÀ1 ðxÞ has endpoints in qR nÀ1 ðxÞ and has length aðn À 1Þ; if x is a replaceable vertex of x which is an endpoint of x, then portion of x 0 that passes through R nÀ1 ðxÞ has an endpoint in qR nÀ1 ðxÞ and has length bðn À 1Þ. Hence A nonreplaceable path is defined as a path with no interior replaceable vertices. Let x A R mÀ1 ðGÞnV . Then x is nonreplaceable, and any distance realizing path between x and V is nonreplaceable. Thus lim n!y dist ðR 
Examples
We now provide examples of graph substitutions whose limit spaces are fractals. If the graph G and the replacement rule R given by H are as depicted in Figure 6 , .
If the graph G and the replacement rule R given by H are as depicted in Figure 9 , then ðR n ðGÞ; 1Þ converges in the Gromov-Hausdor¤ metric to the fractal snowflake (shown in Figure 11 ) which has topological dimension 1 and Hausdor¤ dimension ln 5 ln 3 .
Our next example shows a replacement rule whose limit space is a fractal with Hausdor¤ dimension greater than 2. Figure 12 depicts a graph G and a replacement rule R given by H such that ðR n ðGÞ; 1Þ converges to a fractal antenna with topological dimension 1 and Hausdor¤ dimension ln 5 ln 2 .
We conclude with an example of a fractal which has integer Hausdor¤ dimension. The Sierpinski tetrahedron (Figure 14) , which has topological dimension 1 and Hausdor¤ dimension 2, is the limit space of ðR n ðGÞ; 1Þ where G and H are as given in Example 2. 
